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1 Introduction

This document contains some mathematical derivations for the Separated Oscillatory Field (SOF) model.

2 Derivation of the SOF model

2.1 Ramsey
This part is based on the paper by Ramsey, 1950, Phys Rev 78, 695.
Eq (13) is

2b = guoHy/h

b is the transition dipole moment and is real.
Based on definitions in Eq (5)

cos(f) = (wo — w)/a,sin(f) = 2b/a
a = [(wo—w)?+ (20)%)7, w0 = (W, — W) /R

cos(),sin(f), and a are real, given that w and wy are real physical quantities.

Eq (10) is
C,(21+T) = 2isin(g) -\
. 9,1 .1 1 . 1
[cos(0) s1n2(§ar) s1n(§)\T) ~35 sin(aT) COS(Q/\T)] A\
exp(—i...)
where

To find probability,

For generic complex number z, 2" 2 =2 -2
Therefore,
|2i sin(0)|? = 4sin?(9)
|exp(—i...)|]? =1
For the following term,
. 9,1 ! 1 . 1
cos(#) sin (§a7') 51n(§)\T) ~5 sin(ar) cos(i)\T)

By using double angle formula sin(2z) = 3 sin(z) cos(z),

1 1 1 1 1
= cos(0) sin2(§a7) sin(i)\T) - SiH(ECLT) cos(iaT) cos(g/\T)
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- sin(%ar)[cos(@) sin(%m’) sin(%)\T) _ cos(%ar) cos(%/\T)]

Thus,
9,1 .1 1. 1 5
| cos(0) sin®(=a7) sin(=AT) — = sin(a7) cos(=AT)|
2 2 2 2
= sin2(1ar)[cos(6) sin(laT) sin(l)\T) - cos(lm') cos(l)\T)]2
B 2 2 2 2 2
1 1 1 S RS
= sin“(=a1)[cos(=AT) cos(=ar) — cos(f) sin(=AT') sin(=ar)]
2 2 2 2 2
Finally,

Prg= |Cq|2
1
= 4sin®() - sinz(iaT)[cos(%)\T) COS(%GT) — cos(6) Sin(%/\T) sin(%aT)]2

2.2 Lamb shift

This part is based on Resonance-Narrowed-Lamb-Shift Measurement in Hydrogen, n=3.

2.2.1 Theory of line shape

Eq 9a and 9b are not enough to derive Eq 19a and 19b. From Ramsey’s paper, A Molecular Beam Resonance
Method with Separated Oscillating Fields, we should expect an exponential decay term in the solution.

If at time f;, C,p, and C, had the values C,(/;) and
C,(l1) respectively, the solution of (3) at time /;+7T
subject to this initial condition is

Cp(ti+T) = {[i cosf sinyaT+costaT ]C (i)
—[4 sinf sintaT - exp(iwty) JC,(t1) }
-exp{i[3o— (W, +W,)/2h]T},
Co(ti+T)= {—[i sinfd sinaT - exp(—iwt1) JCp(t1)
+[—i cosf sintaT+costaT JCqo(t) }
-exp {i[ —jw— (W,+W,)/2h]T},
where
cosf= (wy—w)/a, sinfd=2b/a,

©)
a=[(wo—w)’*+(20)*]}, wo=(W,—W,)/h.
Figure 1: Eq 4 from Ramsey’s paper, with exponential decay term highlighted.

Also, since the positroniums are passing through two waveguides with a phase delay §. In the
equation given in Eq 16a and 16b, we need to set § =0 to derive Eq 19a and 19b.

rated oscillating fields. An atom initially in the spends a time 7 in a field ﬁo cos(wt+0). The am-
pure state 1 enters at time ¢=0 an rf field E’o coswt plitudes of the wave function at the exit of the sec-
and at time 7 it leaves this field. After spending a ond rf field can be calculated by repeated use of
time 7 in a region with no external fields the atom Egs. (9). They are

Figure 2: Initial condition from Resonance-Narrowed-Lamb-Shift


https://journals.aps.org/pra/pdf/10.1103/PhysRevA.6.556
https://journals.aps.org/pr/pdf/10.1103/PhysRev.78.695
https://journals.aps.org/pr/pdf/10.1103/PhysRev.78.695

2.2.2 Final probability for state 1

Analytical derivation
Some handy math identities:

(2)*+(2)° = (z+iy)* + (z — iy)* = 2% — 2° = 2(R(2)" — S(2)")
(2)* = (2)? = (z +iy)* — (z —iy)? = dizy = 4iR(2)3(2)
e = cos(x) + isin(x)
Assuming ¢; and ¢y are correct.
From equations 10-15,

O =w—wy,wy =Wy — ws
1
QZ?%—W)

1
2

a= |4V 4+ (Q+iQ)?

sinf = g
a
Qi
cosf = 7( ZZQ)

Given that 2, @, and V are real, a, sinf, and cos are complex.
Staring from Eq 19a.

a(T+T+7)=exp(—5(n +72)7 — 37T —i(w + wi +wa)7 — s T)
X { [cos(zaT) + i cos(0) sin(3 ar)} —exp[3 (11 — 12)T —i(6 + QT)] sin®(0) sin2(%ar)}
Take [cos(3aT) + icos() sin(%m—)]2 out from bracket.

a(T+T+7)=exp(—2(11 +7)7 — 31T — i(w +wi +we)T — 1w T)
x [cos(Far) + icos(f) sin(%m—)]2

in? in2(Lar
1— exp[%(’yl — )T —i(d + QT)] [ (15 )f)s (0()27 ()1 )]2 }
CcOs EQT 7 COS Sin EQT

Let

sin(0) sin(ar)

) + icos(f) sin(1

z =

cos(ta ar)

2a
Then

a(r+T+71)= exp(—%('yl + yo)T — f’le — (w4 wi + wo)T — i T)

x [cos(2 T) +icos(0) sin(%m’)f

1—exp[3(y1 — )T —i(6+ QT)]ZQ}
Take modulus squared by using Eq 2.2.1.

) ) 2
lei(t+ T +7)]2 = ’eXp %(’h +72)T — %'YIT —i(w + w1 +w)T — ZWlT)|

)
XHCOS T) + i cos(6 )Sln(%m')]Q’Q )

x|1 —exp[5(71 —2)T —i(6 + QT)] 22

Calculate each term.

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

(2.2.9)



|6XP —*(71 +72)T — *71T —i(w 4wy + wa)T — zwlT)|

_ exp(—*(’h + 72)7 — E’le +i(w+ w1 + wo)T + i T) (2.2.10)
xexp(—3 (1 +72)7 — 3T —i(w + w1 + w2)7 — i T)
=exp(2 x (— L(m + Yo)T — *’YlT))

| [cos(5a )+%COS(9)SIH(§ ki 2.2.11
= [|cos(3aT) + icos(f) sin(ar )’2]2 ( )

2
’1 —exp[3(n1 — )T —i(6 + QT)] 22

= [1 —exp[§(y1 =) T +i(0 + QT)]ZQ]

X |1 —exp[(y — )T —i(6 + QT)] 2

=1- exp[ (v1— )T +i(6+ QT)] exp[ (v1 —72)T — (6 + QT)} 22 (2.2.12)
+expl3 (% Y2)T +i(6 + QT)|Z° - exp|3 (vl v2)T —i(8 + QT)] 22
=1- exp[ (1 —72)T +i(6 + QT)]|z* — exp[ (71 —72)T —i(0 + QT)] 22

+exp[(n )T 2 (=]
=1+ exp[(m1 —72)T)] [|2[]
—exp[3 (11 — 72)T +i(6 + QT)]|2% — exp[3 (71 — 12)T — i(8 + QT)] 2

Note that 1+ exp[(v1 —v2)T)] [|2]?] ? has no dependence on 4.

— exp[ (y1 —v)T +i(0 + QT)]Z — exp[ (v1—72)T —i(6 + QT)]22
= —exp|i(y1 —7)T| [exp[i(6 + QT)]z? + exp[—i(6 + QT)]2?]
= —exp 5(% —7)T

[cos(6 + QT) + isin(6 + QT) |z + [cos(— (6 + QT)) + isin(—(8 + QT))] 22

= —exp[L(y — 2)T] (2.2.13)

[cos(6 + QT) + isin(6 + QT) |z + [cos(d + QT) — isin(d + QT)] 22

= —exp[i(y1 —12)T] |cos(6 + QT) [2% + 22] + isin(6 + QT) [z — 22]]

By using Eq 2.2.2 and Eq 2.2.3, we have

— exp[%(’yl — VQ)T] [008(5 +QT) [22 +z ] +isin(d + QT) [z — 22]]

= —exp[3(11 —12)T] [005(5 + QT)?[?R(Z)Q — %(2)2] +isin(d + QT) [42%(,2)%(2)]] (2.2.14)
= -2 exp[

1y — 72)T] {cos(é +QT) [R(2)? — 3(2)?] - sin(s + QT) [2%@)3(@]}
Collecting Eq 2.2.14, Eq 2.2.13 and Eq 2.2.12, we have

2

1—exp[4(m1 — )T —i(6 + QT)] 2

12)D)] [z
72)T +i(6 + QT)]Ez —exp[i(n — )T —i(6 + QT)] 2 (2.2.15)
7))

[122)°

1y — )T [008(5 +OT) [R(2) — 3(2)?] — sin(8 + QT) [2R(2)S(2)]

=1+ expl(n -
—exp[3(m
= 1—|—exp[
—2exp[

Collecting Eq 2.2.10, Eq 2.2.11 and Eq 2.2.15, we have



le1 (T +T+T)\2 =
exp(2 % (=5 (7 +72)7 = *’YlT))Q
X ?cos(2 7) 4 icos(f) sin(za7)|”]

2

X< 1+ exp[(11 —12)T)] [|Z|2]2

—2exp[i(n —1)T] [cos(& +QT) [§R(z)2 — %(z)z] — sin(0 + Q7)) [2§R(z)%(z)]] }
Now, we will calculate signal S = |c1|3_, — |c1]2_,
lerli=r — lerlizo.

=exp(2 x (—3(n1 +72)7 — %71T)g ,
X 2005(2 ) + icos(6) sin(1ar)|"]
1

(m1 — 2)T] |:COS(7T +QT) [%(2)2 — %(2)2} — sin(r + QT) [2R(2)S(= }

+2exp[3(m —72)T] [COS(QT) [R(2)* — 3(2)*] —sin(QT)[

H/—’

As cos(x + ) = — cos(z) and sin(x 4+ 7) = —sin(z)

le1l3—r — |c1|§:0

= exp(2 X (77(71 + Y2)T — *’YlT)) §

x [|cos(3aT) + icos(0) sm(%m-)ﬁ
x< dexp[3(m1 — 72)T] [cos QT)[R( (2)? — } —sin(QT) [2%(2’)%(2)]} }
=4dexp[2 x (-

s +72)7' - *71T 3(n )T]
x [|cos(ar) + i cos(f) sin( |

g

Ik
x | cos(QT) [R(2)* — s(z)Q] — sin(QT) [2R(2)3(2)]
=dexp[—3(n +72)27 =T + 5(n1 —72)T]

x[[cos(Lar) + i cos(8) sin(Lar)|*]* | cos(QT) [R(2) — (2)?] — sin(QT) [2§R(z)i‘s(2)]_

=dexp[—3(v1 +72)21 — t(n + VQ)T]
(3a7) + icos(f) sin(

=dexp[—3(n1 +72) 27+ T)]

XHCOS

x [|cos($ar) + icos(f) sin(%aT)ﬁ ? _cos(QT) [?R(Z)Q - %(2)2] —sin(Q7) [2?}?(2)%(2)]

As z is defined in 2.2.7

sin(6) sin(}

cos(1at) + icos(f) sin(ar)

2 = o)

le1lfor = leal5=o
= 46XP[—*(% +92)(2

_—
|cos Lar) +icos(9)si 1

’ |sin(6) sin(3ar) |2

)]
(sar

in(3ar
i |cos(OT) [R(2)? - S(=

X ) } —sin(QT) [23‘3(2’)3(,2)]]
=dexp|—3(v1 +72) (27 + T)]

x |cos(zaT) + icos(0) sin(Far ’ )| [sin( )sin(§a7)|2
X |:COS(QT) [7%(2:)72‘?('2) | = sin(QT) [7| )|‘X(Z)]]

For a complex number z

Lar)|’]? | cos(QT) [R(2)? — S(2)?] — sin(QT) [23‘3(2)%(2)]_

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)

(2.2.20)



sin(arg(z)) = T
cos(arg(z)) = ﬁz)

le1lfor — |Cl|i2s:o
= 4exp[—§('yl +v2) (27 + T)]
1 1 1

x|cos(Lar) + i cos(0) sin(Lar)|*[sin(0) sin(Lar)|*

x |:COS(QT) [cos?(arg(z)) — sin®(arg(z))] — sin(Q7)2 [cos(arg(z)) sin(arg(z))]
Using double angle formulae

cos(2arg(z)) = cos®(arg(z)) — sin’(arg(z))

sin(2arg(z)) = 2 cos(arg(z)) sin(arg(z))

Therefore,
1Ber a2y
=4dexp[—3(n1 +72)27 + T)]

X ‘cos(%ar) + icos(f) sin(a7) ‘2 ’sin(@) sin(ar) 2

X |:COS(QT) cos(2arg(z)) — sin(QT) sin(2 arg(z))
Using cosine subtraction formula.

cos(a — b) = cos(a) cos(b) — sin(a) sin(b)

lerl3_r — |Cl|§5:0
=dexp[—5(n +72) (27 + T)]
x |cos(3aT) + i cos(d) sin(ar) |2 |sin(6) sin(3ar) |2 cos(QT — 2arg(z))
It is highly like that there is a missing factor of 2 in the paper.
Numerical comparison

(2.2.21)

(2.2.22)

(2.2.23)

(2.2.24)

(2.2.25)

(2.2.26)

(2.2.27)

(2.2.28)
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[ ]: import numpy as np
import matplotlib.pyplot as plt

[ ]: gamma_1 = 0.063e8 # Hz
gamma_2 1.86e8 # Hz

V=1.8e8/2 # Hz
Q = 1/2+(gamma_1-gamma_2)

[ 1: def c_1(Omega, delta, tau, T, V):
nmnn
Omega: angular frequency in G rad/s
delta: phase in rad
tau: time in ns
T: time in ns

gamma_1, gamma_2 in GHz

nimn

a = np.sqrt (4xV+*2+(0mega+1j*Q)**2)

2*V/a
(Omega + 1j*Q)/a

sin_theta
cos_theta

exp_part = np.exp(-1/2+(gamma_1 + gamma_2)*tau-1/2+gamma_1*T)

x= 1/2*axtau
cos_cos_sin_2_part= (np.cos(x)+1j*cos_theta*np.sin(x))**2

exp_sin_sin_part = np.exp(l/2*(gamma_1-gamma_2)*T - 1j*(delta + Omega*T)) *,
=\
sin_theta**2#np.sin(x) **2

return exp_part*(cos_cos_sin_2_part-exp_sin_sin_part)

[ 1: def c_1_modulus_square(Omega, delta, tau, T, V):
return np.abs(c_1(Omega, delta, tau, T, V))**2



[]:

[]1:

def signal(Omega, tau, T, V):
return c_1_modulus_square(Omega, np.pi, tau, T, V) -
~c_1_modulus_square(Omega, 0, tau, T, V)

def signal_21(Omega, tau, T, V):
Omega: angular frequency in G rad/s
delta: phase in rad
tau: time in ns
T: time in ns

gamma_1, gamma_2 in GHz

exp_part = 4 * np.exp(-(1/2)*(gamma_1 + gamma_2)*(2*tau+T))
a = np.sqrt(4xV**2+(Omega+1j*Q) *+*2)

x = (1/2)*a * tau

cos_theta = (Omega + 1j*Q)/a
sin_theta = 2xV/a

first_modulus_squared = np.abs(np.cos(x) + lj*cos_theta*np.sin(x))x**2
second_modulus_squared = np.abs(sin_theta*np.sin(x))**2

Gamma = 2 * np.angle(sin_theta*np.sin(x) /
(np.cos(x)+1j*cos_theta*np.sin(x)))

return exp_part*first_modulus_squared*second_modulus_squared*np.cos (Omega*T,
<~ Gamma)

tau = 15.5e-9 # s

frequency_range = 50 # MHz
frequncies = np.linspace(-frequency_range, frequency_range, 1000) # MHz

_T_values = [1e-9, 10e-9, 40e-9, 100e-9]

num_rows = len(_T_values) // 2 + len(_T_values) % 2
num_cols 2

fig, axs = plt.subplots(num_rows, num_cols, figsize=(8, 8), sharex=True)

for i, _T in enumerate(_T_values):
row = i // num_cols
col = i % num_cols
ax = axsl[row, col]
ax.plot(frequncies, signal(2 * np.pi * frequncies * le6, tau, _T, V),
olabel=f"T={_T * 1e9} ns, Signal Eq 19a")



ax.plot(frequncies, signal_21(2 * np.pi * frequncies * le6, tau, _T, V),
o"—="_ label=f"T={_T * 1e9} ns, Signal Eq 21")

ax.legend()

ax.set_title(£"SOF for $c_1$, $\\tau$={tau * 1e9:3g} ns, T={_T * 1e9:3g},

<ns ")

# Remove empty subplots <f there are any
if len(_T_values) < num_rows * num_cols:

for i in range(len(_T_values), num_rows * num_cols):
fig.delaxes(axs.flatten() [1])

plt.tight_layout()

plt.show()
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2.2.3 Final probability for state 2

We can apply the same procedure to the final state 2.

leals—r — |C§|§:o
= exp [75(71 + yo)T — *’YQT +i(w—w) —wo)T — Zw2T]
x(—isin@sin 1ar) (2.2.29)

X {(cos far —icosfsin tar) + exp[5(v2 — 11)T + (6 + QT)] (cos tar + i cos O sin %m’)}

Take (cos sar — icosfsin tar) out of the bracket.

2 2
c(t+T+71)=
exp[—3 (11 +72)7 — 37T + i(w — w1 — wo)T — iwoT|
x(—isin@sin zat) x (cos far —icosfsin far) (2.2.30)

cos %G.T—'I, cos 0 sin %m—

x{l—i—exp[ (Y2 — 71)T +i(5 + QT)] 005%”*?‘30595?“5”}

Let . .
cos saT + icosfsin sar
z=—2 ‘ —= (2.2.31)
cos 5aT — i cos fsin sar
Then
co(t+T+71)=
exp[—3 (v +72)7 — *’)/QT +ilw—w — wg)T — iwaT|
x(—isin@sin 1at) x (cos ar — icosfsin Lar) (2.2.32)

X {1 +exp[3(v2 — )T +i(6 + QT)]Z}
Take modulus squared

lea(T+ T +7)? =
lexp[—5 (71 +72)7 — 37T +i(w — w1 — wo)T — iwy T ?

x| sin @ sin Far|? x | cos ar — i cosfsin far|? (2.2.33)
x|1+exp[5(y2 —1)T +i(6 + QT)] 2|2
Calculate each term separately.
1
lexp[—3 (11 +72)7 — 37T + i(w — w1 — wa)T — iwy T |? (2.2.30)

=exp[—(m1 + 72)7 — 72T

1+ exp[ (72 = )T +i(6 + QT)]
= [1+exp[3(v2 —7)T —i(6 + QT)T] [1+ exp[%(fyg —71)T +i(6 + QT)] 2]
:1—|—eXp[('yQ—fyl) T|z> + exp[3(v2 — 1)T —i(6 + QT)|Z + exp|[3 (’yg—’yl)T—Fz(d—l—QT)]( :
2.2.35
Only exp[4(y2 —71)T — i(6 + QT) |z + exp |5 (72 = 11)T + i(6 + QT)| z depends on é.

exp[§(v2 = 71)T — (6 + QT)]Z + exp[$(v2 — 11)T + i( 6+QTJ
= exp %(72 —31)T| |cos(d + QT) — isin(d + QT z + exp 5(ve —7)T cos((5 + QT) +isin(d + QT)]
=exp|5(72 —71)T| |[cos(d + QT)(Z + 2) — isin(§ +QT)(z — 2)]

(2.2.36)
As z+7zZ =2Rz and z — Z = 2i¥z, we have

exp[3(v2 —11)T] [cos(6 + QT)(Z + z) — isin(d + QT)(z — z)]}
= exp[ (")/2 — 71)T] [cos(6 + QT)2Rz + isin(6 + QOT)2iSz
=2exp|2(y2 — 71) cos(8 4+ QT)Rz — sin(d + QT)Sz] (2.2.37)
= 2exp|5(72 — 71)T| [cos(d 4+ QT) cos(arg(z))|z| — sin(d + QT) sin(arg(z))|z|]
= 2exp (72 - 71) 2| cos (arg(2) + (6 + QT))

Now, we will calculate term S = |ca|2_ — |cal2_,.

10



S = leal3_r — le2l3—g
= exp[—(71 + 72)7 — 72T] x |sin@sin 1a7|? x | cos aT — icosfsin far|?
x2exp[3(v2 — 71)T]|z|[cos(arg(z) + 7 + QT) — cos(arg(z) + QT)]
= exp|[—(11 + 72)7 — 72T| X |sinfsin $ar|? X |cos +ar — icosfsin at|?
x2exp|3(v2 — y1)T]|2|[— cos(arg(z) + QT) — cos(arg(z) + QT)] (2.2.38)
= —dexp|[—(v1 +72)7 — 72T| x |sinfsin Lar|? x | cos 2ar — i cos O sin Sar|?
x exp[5(v2 — 11)T]|z| cos(arg(z) + QT)
=4 exp?[—%(% +72)(27 + T)] x |sin@sin Jar|?* x | cos ar — icosfsin Lar|?
x|z| cos(arg(z) + QT)

Numerical comparison

11



[]:

[]:

[ 1:

¢ 2 verification
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import numpy as np
import matplotlib.pyplot as plt

gamma_1 = 0.063e8 # Hz

gamma_2

<
Il

<\

1.86e8 # Hz

1.8e8/2 # Hz
1/2% (gamma_1-gamma_2)

c_2(Omega, delta, tau, T, V):

nmnn

Omega: angular frequency in G rad/s
delta: phase in rad

tau: time in ns

T: time in ns

gamma_1, gamma_2 in GHz

nimn

Q

1/2*%(gamma_1 - gamma_2)

)
Il

np.sqrt (4*xV+*2+(0mega+1j*Q) **2)

sin_theta = 2%V/a
cos_theta = (Omega + 1j*Q)/a

exp_part = np.exp(-1/2+(gamma_1 + gamma_2)*tau-1/2*gamma_2*T)

sin_part = -1j*sin_theta*np.sin(1/2*a*tau)

cos_sin_part = np.cos(1l/2*a*tau)-1j*cos_theta*np.sin(1l/2*a*tau)
exp_cos_sin_part = np.exp(l/2*(gamma_2-gamma_1)*T + 1j*(delta + Omega*T)) x*,

(np.cos(1/2*a*tau)+1j*cos_theta*np.sin(1l/2*a*tau))

return exp_part*sin_part*(cos_sin_part+exp_cos_sin_part)



[ 1: def c_2_modulus_square(Omega, delta, tau, T, V):
return np.abs(c_2(0Omega, delta, tau, T, V))**2
return c_2(0Omega, delta, tau, T, V)*np.conj(c_2(Omega, delta, tau, T, V))

def signal(Omega, tau, T, V):
return np.real(c_2_modulus_square(Omega, np.pi, tau, T, V) -
~c_2_modulus_square(Omega, 0, tau, T, V))

[ 1: def signal_simplified(Omega, tau, T, V):
nmnn
Omega: angular frequency in G rad/s
delta: phase in rad
tau: time in ns
T: time in ns

gamma_1, gamma_2 in GHz
a = np.sqrt (4*V+2+(0Omega+1j*Q) **2)
x = (1/2)*a * tau

cos_theta = (Omega + 1j*Q)/a

sin_theta = 2%V/a

exp_part = np.exp(-0.5%(gamma_1+gamma_2)*(2*tau+T))
first_modulus_squared = np.abs(sin_theta*np.sin(x))**2

second_modulus_squared = np.abs(np.cos(x) - 1j*cos_theta*np.sin(x))**2

z = (np.cos(x) + 1j*cos_theta*np.sin(x)) / \
(np.cos(x) - 1lj*cos_theta*np.sin(x))

third_modulus = np.abs(z)
sin_part = np.cos(np.angle(z)+0Omega*T)

return -4*exp_part *np.ones(len(Omega))
~*first_modulus_squared*second_modulus_squared*third_modulus*sin_part

[ 1: tau = 15.5e-9 # s

frequency_range = 50 # MHz
frequncies = np.linspace(-frequency_range, frequency_range, 1000) # MHz

_T _values = [1e-9, 10e-9, 40e-9, 100e-9]

num_rows = len(_T_values) // 2 + len(_T_values) % 2
num_cols 2

fig, axs = plt.subplots(num_rows, num_cols, figsize=(8, 8), sharex=True)



for i, _T in enumerate(_T_values):

row = i // num_cols

col = i 7 num_cols

ax = axs[row, coll]

ax.plot(frequncies, signal(2 * np.pi * frequncies * le6, tau, _T, V),
~label=f"T={_T * 1e9} ns, Signal Eq 19b")

ax.plot(frequncies, signal_simplified(2 * np.pi * frequncies * 1le6, tau,
< T, V), "-=-", label=f"T={_T * 1e9} ns, Signal derived")

ax.legend ()

ax.set_title(£f"SOF for $c_2%, $\\tau$={tau * 1e9:3g} ns, T={_T * 1e9:3g},

<ns ")

# Remove empty subplots if there are any
if len(_T_values) < num_rows * num_cols:
for i in range(len(_T_values), num_rows * num_cols):
fig.delaxes(axs.flatten() [i])

plt.tight_layout()
plt.show()
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